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METHOD FOR DECISION AND RISK 
ANALYSIS IN PROBABILISTIC AND 
MULTIPLE CRITERA SITUATIONS 

FIELD OF THE INVENTION 5 

This invention belongs to decision and risk analysis and 
more particularly to probabilistic risk and decision analysis 
as well as decisions under several criteria with incomplete or 
imprecise information, including software and tools there- 10 
fore. 

BACKGROUND 

There are basically two main areas within decision theory: 15 
probabilistic decisions and multi-criteria decisions. Each of 
these contains theories, methods, and procedures for aiding 
decision makers. A decision maker can be, i.a., one human, 
a group of humans, a computer program, or a computer 
software controlled machine. Decision models can be 20 
grouped into different types that can be termed Probabilistic 
Decision models and Multi-Criteria Decision models, see: 
M. Danielson and L. Ekenberg, “A Framework for Ana 

lyzing Decisions under Risk”. European Journal of Opera 
tional Research, Vol.104/3, pp. 474-484, 1998. 25 
M. Danielson, L. Ekenberg, J. Johansson, and A. Larsson, 

“The DecideIT Tool, Proceedings of ISIPTA 03, 2003a. 
M. Danielson, L. Ekenberg, J. Johansson, and A. Larsson, 

“Investment Decision Analysis: A Case Study at SCA Trans 
forest', Proceedings of IKE-2003, vol.1, pp. 79-85, 2003b. 30 

L. Ekenberg, “Risk Constraints in Agent Based Deci 
sions, in A. Kent and J. G. Williams (eds.), Encyclopaedia 
of Computer Science and Technology, vol.23:48, pp. 263 
280, Marcel Dekker Inc., 2000. 

L. Ekenberg and J. Thorbiörnson. “Second-Order Deci 
sion Analysis. International Journal of Uncertainty, Fuzzi 
ness and Knowledge Based Systems, vol.9:1, pp. 13-38, 
2001. 

L. Ekenberg, L. Brouwers, M. Danielson, K. Hansson, J. 
Johansson, A. Riabacke and A. Vari, Simulation and analysis 
of Three Flood Management Strategies, IIASA Interim 
Report, IR-03-003, 2003. 

P. Gärdenfors and N. E. Sahlin, “Unreliable Probabilities, 
Risk Taking, and Decision Making. Synthese, vol.53, pp. 
361-386, 1982. 45 

J. L. Hodges and E. L. Lehmann, “The Use of Previous 
Experience in Reaching Statistical Decisions'. Annals of 
Mathematical Statistics, Vol.23, pp. 396–407, 1952. 

L. Hurwicz, Optimality Criteria for Decision Making 
under Ignorance, Cowles Commission Discussion Paper 
no.370, 1951. 

K. S. Park and S. H. Kim, “Tools for Interactive Multi 
attribute Decision Making with Incompletely Identified 
Information”, European Journal of Operational Research, ss 
vol.98, pp.111-123, 1997. 

A. A. Salo and R. P. Hämäläinen, "Preference Ratios in 
Multiattribute Evaluation PRIME-Elicitation and Decision 
Procedures under Incomplete Information'. IEEE Transac 
tions on Systems, Man, and Cybernetics, vol.31/6, pp. 533- 60 
545, 2001. 

A. A. Salo and R. P. Hämäläinen, “Preference Program 
ming through Approximate Ratio Comparisons’. European 
Journal of Operational Research, Vol.82, no.3, pp. 458-475, 
1995. 65 

P. Walley, Statistical Decision Functions, John Wiley and 
Sons, 1991. 

40 

50 

2 
A. Wald, Statistical Reasoning with Imprecise Probabili 

ties, Chapman and Hall, London, 1950. 
K. Weichselberger and S. Pöhlman, A Methodology for 

Uncertainty in Knowledge-Based Systems, Springer-Verlag, 
1990. 

Probabilistic Decision models are often given a tree 
representation. Consider the tree in FIG. 6. The decision tree 
consists of a root, representing a decision, a set of interme 
diary (event) nodes, representing some kind of uncertainty 
and consequence nodes, representing possible final out 
comes. Usually probability distributions are assigned as 
weights in the probability nodes as measures of the uncer 
tainties involved. The informal semantics are simply that 
given that an alternative A, is chosen there is a probability p, 
that an event H, occurs. This event can be a consequence 
with a value V, assigned to it or another event. Usually, the 
maximization of the expected value is used as an evaluation 
rule. For instance, in FIG. 6, the expected value of alterna 
tive A, is: 

2 2 

E(A) = PiX. Piik Wijk 1. 
k=1 

There are also several approaches for multi-criteria deci 
sion making, where the decision criteria can be arranged in 
hierarchies. See FIG. 7. Examples include the analytical 
hierarchy process (AHP), the Evidential Reasoning (ER) 
approach, and various methods by Salo et al above. 
On each level, the criteria are given weights and the 

alternatives are valued with respect to each sub-criterion. 
The maximization of the weighted value is usually used as 
an evaluation rule. For instance, in FIG. 7, the value of 
alternative A, under sub-criterion jk is denoted V. The 
weight of criteriaj is denoted by w. Then the weighted value 
of alternative A, is: 

2 2 

E(A) = wiX w.evi. 
k=1 

Since the expected value is a weighting operation, both of 
the above approaches, probabilistic decision models and 
multi-criteria decision models, selects the alternative with 
the greatest weighted value. However, no combination rules 
or algorithms for the evaluation of Such a combination have 
been proposed. Note that in this presentation, the concepts 
“expected value' and “weighted value” are used inter 
changeably for the expected value in probabilistic models as 
above, for the weighted value in multi-criteria models as 
above, and for the combined generalized expected value 
containing both criteria weights and probabilities as intro 
duced below. 

RiskAnalysis is the task of determining the risk involved 
with a particular action, often resulting in a chain of events, 
each event path through the risk tree ending in a final 
consequence. Risk analyses are often displayed using a tree 
representation. The risk tree consists of a set of intermediary 
(event) nodes, representing some kind of uncertainty and 
consequence nodes, representing possible final outcomes. 
The kinship with probabilistic decisions is strong. A risk 
analysis can be equally regarded as a decision between a 
main alternative (the risk situation) and a Zero alternative 
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with only one final consequence having the value Zero. Thus, 
when referring to decision problems, the methods and soft 
ware and tools as described herein can equally be applied to 
risk analysis. 

Probabilistic networks contain chains of events dependent 
on each other, where a prior node is a precondition for the 
subsequent node in the (directed) path. While not specifi 
cally treated in the sequel, the multiplication of probabilities 
occurring in probabilistic networks is computationally 
analogous to the evaluation of event chains in decision trees. 
Furthermore, decisions made in probabilistic networks 
through conversion into influence diagrams are solved using 
the same tree methods and procedures presented here. Thus, 
when referring to decision problems, the methods and soft 
ware and tools as described herein can equally be applied to 
other decision models such as probabilistic networks and 
influence diagrams. 
The information available in decision making is often 

incomplete, vague, and imprecise, and several decision 
models have been suggested to handle Such situations. 
During the last 50 years, various methods based on interval 
estimates of probabilities and values of any sort not only 
numerical values have been suggested. Even if these 
approaches generally are well-founded, much less has been 
done to take the evaluation perspective into consideration 
and, in particular, computational aspects and implementa 
tional issues. 
A number of models with representations allowing impre 

cise probability statements have been suggested over the 
years. Some of them are based on capacities, evidence 
theory and belief functions, various kinds of logic, upper and 
lower probabilities, or sets of probability measures. The 
common characteristic of the approaches is that they typi 
cally do not include the additivity axiom of probability 
theory and consequently do not require a decision maker to 
model and evaluate a decision situation using precise prob 
ability (and, in Some cases, value) estimates. For some 
overviews, see, e.g., Weichselberger & Pöhlman, 1990. 
Walley, 1991), and Ekenberg & Thorbiörnson, 2001). 
These have been more concerned with representation and 

less with evaluation. Moreover, very few have addressed the 
problems of computational complexity when solving deci 
sion problems involving interval estimates. It is important to 
be able to determine, in a reasonably short time, how various 
evaluative principles rank the given options in a decision 
situation. 

Interval approaches have also been considered in order to 
extend decision models for multi-criteria decision making. 
The method PRIME in Salo & Hämäläinen, 2001 is a 
generalization of value tree analysis. Similarly, the prefer 
ence programming method Salo & Hämäläinen, 1995 
extends the analytical hierarchy process (AHP). These 
approaches are limited in several respects with respect to 
expressibility and evaluation capabilities. Neither do they 
address probabilities or consequence structures. Park & 
Kim, 1997 is an attempt to combine criteria weights with 
probabilistic reasoning, treating only one-level criteria, and 
can only rank the options without cardinal aspects. A one 
level representation in this manner, but with larger express 
ibility compared to Park & Kim, 1997, is provided in 
Danielson et al., 2003a and Ekenberg et al., 2003. 
Further, some approaches for extending the representation 

using distributions over classes of probability and utility 
measures have been proposed. These have been developed 
into various hierarchical models, such as second-order prob 
ability theory Gärdenfors & Sahlin, 1982, Ekenberg & 
Thorbiörnson, 2001. The former consider belief distribu 
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4 
tions, but restricted to the probability case and interval 
representations. Another limitation is that it does not address 
the relation between distributions over spaces of one or 
several dimensions respectively. The same criticism applies 
to Hodges & Lehmann, 1952, Hurwicz, 1951, and Wald, 
1950. None of these, nor Ekenberg & Thorbiörnson, 2001, 
handle the issues of tree representation or evaluation at all. 
Furthermore, no detailed procedures or suggestions are 
provided for how to represent or how to evaluate aggrega 
tions of belief distributions. 
The Delta method for handling vague and imprecise 

information has been developed in a number of papers, e.g. 
Danielson & Ekenberg, 1998 and Ekenberg, 2000. The 
method has been used in a wide variety of contexts, e.g., 
deposition of nuclear waste, investment situations, and 
evaluation of offers in purchase situations Danielson et al. 
2003b). The method was invented to counter the problems 
with unnatural precision and to provide computational con 
cepts for handling imprecise probabilities and values. The 
approach is a single-level approach, not able to handle 
multi-level decision trees where the outcome of one event 
can depend on previous outcomes. The Delta method as it is 
known to date does neither use general multi-criteria hier 
archies nor algorithms for trees. Earlier known algorithms 
are not applicable to problems with trees, be they probabi 
listic, multi-criteria, or a combination thereof. Neither belief 
distributions nor procedures for aggregated interval esti 
mates (such as weighted expected values) have been con 
sidered earlier. 

SUMMARY OF THE INVENTION 

It is an object of the present invention to overcome 
disadvantages of conventional decision models. The inven 
tion presents solutions to many of the deficiencies of earlier 
approaches. None of the earlier approaches combine criteria 
hierarchies, weights, probabilities, and values as the present 
invention does. 

It is a further object of the present invention to provide 
algorithms suitable for a decision model and in particular 
suitable for fast software implemented decision models 
executable on a computerized decision device. 

Interval representations and similar ways of expressing 
uncertainty seem also to be unnecessarily restrictive. The 
present invention allows for higher order effects to be taken 
into account when handling aggregations of interval repre 
sentations, such as in decision trees or probabilistic net 
works. This is independent of whether higher-order distri 
butions are explicitly introduced or not. The same methods 
that will be presented below can also be applied for higher 
order distributions as well, but, in practice, it is seldom 
necessary. 

In particular, the invention is a decision device and a 
family of methods for probabilistic, multi-criteria analysis 
that extends the use of additive and multiplicative value 
functions for Supporting evaluation of imprecise and uncer 
tain facts. Furthermore, it relaxes the requirement for precise 
numerical estimates of values, probabilities, and weights in 
multi-criteria and decision trees. One component is the 
possibility to express uncertainty with interval estimates, 
relations and belief distributions over the solution sets to 
such statements. The evaluation is preferably done relative 
to a set of decision rules, generalizing the concept of 
admissibility and computationally handled through the opti 
mization of aggregated value functions. The distribution of 
belief in the resulting aggregations can also be handled. This 
is typically important when evaluating decision trees of the 
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kind in the invention. Furthermore, this measure can be used 
for enhancing the computational speed considerably. The 
centroid of the resulting distribution is the product of the 
centroids of the components. Thus, a procedure calculating 
with only the centroid yields a very good estimate already at 5 
quite shallow tree depths. 

In accordance with one preferred embodiment, the inven 
tion comprises a unifying representation format for all the 
components involved. 

In accordance with another preferred embodiment, the 10 
invention contains procedures for calculating and comparing 
generalizations of the expected value of a set of alternatives 
under several criteria and thus provides a well-founded 
procedure for decisions. 15 

In accordance with yet another preferred embodiment, the 
invention contains a method for aggregating belief distribu 
tions over criteria weights, probabilities, and values in 
decision trees as well as a procedure for measuring the 
properties of the belief distributions of a result. 2O 

BRIEF DESCRIPTION OF THE FIGURES 

The present invention will now be described in more 
detail by way of non-limiting examples and with reference 25 
to the figures, which intend to illustrate some features of the 
innovation, and which are not intended to be limiting, 
where: 

FIG. 1 is a schematic diagram of an exemplary operating 
environment for a system configured in accordance with the 30 
present invention. 

FIG. 2 shows a block diagram of the modules of the 
decision device. 

FIG. 3 shows the overall process. 
FIG. 4 shows a decision tree with constraint sets. 35 
FIG. 5 shows a result from an evaluation of a decision 

problem. 
FIG. 6 shows a general decision tree. 
FIG. 7 is a schematic view of a criteria hierarchy. 40 
FIG. 8 is a schematic view of the representation format of 

the problem structure in the framework. 
FIG. 9 shows a tree equivalent with the tree in FIG. 8. 
FIG. 10 shows criteria-consequence tree. 45 
FIG. 11 shows a distribution over a two-dimensional base. 

FIG. 12 shows the aggregated projection of the axes when 
n=3. 

FIG. 13 shows the projection of the axes when n=4, with 50 
centroid /4. 

FIG. 14 shows some instances of values of Z for line 
integration. 

FIG. 15 shows the results of multiplication of distribu 
tions of 2, 3, 4, 5, 6, and 7 consecutive node values, i.e. 55 

Log(z) -Log(z) Log(z) -Log(z) Log(z) 
-Log(z), - - - - - - - -, - . 

60 

FIG. 16 shows the graph of the function -4-(2-2Z+Log 
(Z)+ZLog(z)). 

FIG. 17 shows the graph of the function -4-(-12+12Z-6 
Log(Z)-6ZLog(Z)-Log(z) +ZLog(z)). 65 

FIG. 18 shows the projection of the distribution over a 
4-ary tree of depth 3. The resulting centroid is 4. 

6 
DETAILED DESCRIPTION OF PREFERRED 

EMBODIMENTS 

In accordance with the present invention a method for 
analyzing decisions and aiding decision makers is provided. 
The method also extends to a process and a decision device 
or tool, which preferably comprises of modules and algo 
rithms as they could be implemented in a computer program, 
i.e., the invention can preferably be implemented as com 
puter instructions (software) and applications, where the 
procedures and algorithms can be executed by Software. 
FIG. 1 shows an example of an operating environment for a 
system. The decision maker interacts with the decision 
device, which in a preferred embodiment is implemented as 
a computer system comprising Suitable hardware (process 
ing unit, display device, input device) and stored instructions 
(software) for the procedures. 
The decision device implements and Supports the decision 

method and process applied for. In the decision process, the 
key structural modelling elements are alternatives, criteria, 
events, sub-decisions, and consequences. A decision situa 
tion typically consists of selecting among possible courses 
of action, i.e. alternatives. The act of selection is referred to 
as a decision. The selection is based on an understanding of 
the decision situation in the form of being able to specify the 
consequences of the selection. There are several types of 
decision problems, viz. multi-criteria problems, probabilis 
tic event problems, and risk problems. It is a feature of the 
present invention to be able to handle all of these problems, 
and combinations thereof, using one basic approach. 
The person, or group of people, intending to make a 

decision is here collectively referred to as the decision 
maker. It is a further feature of the present invention to be 
able to handle a group's decision making in a manner similar 
to a single persons. Furthermore, the decision maker might 
be a computer program, e.g. a software agent that faces a 
decision situation in Some environment. The present inven 
tion is also applicable to non-human decision makers pro 
vided that it structures the decision problem in a form as set 
forth below. For presentational clarity, a device for human 
decision makers is used as example in the description herein, 
but the description applies equally to other types of decision 
makers. 

In accordance with one preferred embodiment of the 
present invention, the decision maker, employing a decision 
device, specifies the decision problem by building a model 
of the decision situation. The decision maker begins by 
assigning labels (names) to the alternatives in the decision 
problem. It is a feature of the present invention that alter 
natives can be removed, added, or modified during the 
decision process, but any interesting decision problem has at 
least two alternatives. (Risk analysis described later contains 
only one course of action.) For each alternative, its conse 
quences are specified. A consequence might be either an 
event (leading to further consequences), a Sub-decision 
problem (with a conditional set of alternatives), or a final 
consequence (denoting the final granularity for that conse 
quence in the model). It is a feature of the present invention 
to be able to mix these in any order, as long as each path ends 
with a final consequence. Thus, each alternative is repre 
sented by a tree. Consequences can be removed, added, or 
modified during the decision process. 

For each event, the decision maker specifies which con 
sequences the event may have, and with which probabilities 
they may occur. The consequences may again either be 
events, Sub-decision problems, or final consequences in any 
mix. It is required that the consequences of an event are 
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covering and mutually disjoint, i.e. exactly one is obtained 
once the event has occurred. In the model, this is easily 
catered for even if the decision maker is not able to specify 
all relevant consequences by adding a residual consequence 
absorbing all non-specified possibilities. It is a feature of the 
present invention that the probabilities for the events need 
not be specified as fixed numbers. They can be specified as 
intervals instead, e.g. 20%, 40%, meaning that the prob 
ability for a specific event occurring is between 20% and 
40%. They can also be specified as comparative relations, 
e.g. “the probability of event A is greater than the probability 
of event B” or “the probability of event A is at least 10% 
greater than the probability of event B. Intervals and 
comparative relations can be mixed in any order. Note that 
fixed probabilities are easily taken into account by specify 
ing an interval in which the endpoints are identical. Thus, 
fixed probabilities can be mixed with intervals and com 
parative relations in any order. 
The intervals can be further qualified by asserting varying 

belief in different parts of the intervals through a belief 
distribution. In accordance with a preferred embodiment the 
decision device admits for discrimination between different 
beliefs in different values. Thus, a decision maker does not 
necessarily have to believe with the same faith in all possible 
values within each interval. In order to enable a differen 
tiation of the significance of different values, belief distri 
butions expressing various beliefs are allowed over a multi 
dimensional space, e.g., the solution sets of the interval 
estimates and relations involved. Then it becomes possible 
to state sentences with semantics similar to, e.g., “the 
probability of event A is between 20% and 40%, but the 
belief is concentrated to the values between 25% and 35%, 
even if the others are possible'. If the decision maker does 
not qualify the information in this sense, the belief distri 
butions can be modelled as, e.g., uniform over the feasible 
Solution sets to the interval statements and relations 

For each final consequence, the decision maker specifies 
the value of each on a value scale, be it a monetary scale or 
any other scale. It is a feature of the present invention that 
the values of the final consequences need not be specified as 
fixed numbers. They can be specified as intervals instead, 
e.g. 100, 200, meaning that the value of a certain conse 
quence is between 100 and 200 (e.g. dollars). They can also 
be specified as comparative relations, e.g. “the value of 
consequence K is larger than the value of consequence L' or 
“the value of consequence K is between 50 and 75 larger 
than the value of consequence L’. Intervals and comparative 
relations can be mixed in any order. Note that fixed values 
are easily taken into account by specifying an interval in 
which the endpoints are identical. Thus, fixed values can be 
mixed with intervals and comparative relations in a manner 
similar to probabilities. Belief distributions over the values 
are a part of the present invention. 

This representation of uncertainty takes care of incom 
plete information. Most often, the decision maker has some 
idea or understanding of the various parts of the problem 
being modelled in the process. Then, the decision maker can 
enter this information, however incomplete, into the deci 
sion device, thus being able to use it in a first analysis. Even 
if, in the worst case, there is no information available, this 
can also be represented in the process by the widest intervals 
conceivable. The decision situation is still amenable to 
analyses, and as more precise or complete information 
becomes available, it can be entered into the process by the 
decision maker. It is a feature of the present invention to be 
able to handle incomplete, imprecise, or missing informa 
tion. 
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The alternatives can be considered under several different 

criteria. Then each criterion may have its own consequences, 
forming a separate criterion-problem. Each criterion-prob 
lem can be considered separate, then in effect being a 
separate decision problem as above. It is a feature of the 
present invention that the criteria may be considered 
together, even if each criterion is a decision problem on its 
own with separate events (even event chains, i.e. events 
leading to new events). All criteria and all event chains are 
then modelled together in a criteria-consequence tree, which 
is evaluable using procedures described in this invention. 
Criteria weights are stated in a fashion similar to probabili 
ties and values, including belief distributions over the solu 
tion sets of the statements. For each criterion, the decision 
maker specifies how important it is in the terms of weights. 
It is a feature of the present invention that the weights for the 
criteria need not be specified as fixed numbers. They can be 
specified as intervals instead, e.g. 10%, 30%. They can 
also be specified as comparative relations, e.g. “the impor 
tance of criterion A is greater than the importance of 
criterion B” or “the importance of criterion A is equal to the 
importance of criterion B. Intervals and comparative rela 
tions can be mixed in any order. Note that fixed weights are 
easily taken into account by specifying an interval in which 
the endpoints are identical. Thus, fixed weights can be mixed 
with intervals and comparative relations in any order. 

In a preferred embodiment the device makes use of 
various decision rules, such as the expected value rule. 
Alternatives are compared, either pairwise or all at once, to 
find out which ones are superior to one another. When the 
input data is imprecise, the result will be ranges (intervals) 
of the expected values with varying support (belief) within 
the intervals. 

Automated sensitivity analyses are required to further 
discriminate between the alternatives. Carrying out an ordi 
nary sensitivity analysis means to adjust each variable up 
and down individually or jointly and plot the result in, e.g., 
tornado diagrams. It is a feature of the present invention to 
be able to carry out sensitivity analysis on all (or a selected 
subset) of the probabilities and values at the same time. This 
is preferably carried out by a contraction procedure that 
simultaneously contracts (decreases) the feasible intervals 
(the orthogonal hull, Definition 9) of each participating 
variable (probabilities, values, or both kinds) towards a focal 
point (Definition 10), often the centroid (Definition 25). 
The belief distributions over the feasible probability dis 

tributions, value functions, and weight functions can be 
aggregated during the evaluation process and used in a 
procedure for determining which results, in the range of 
feasible results, are the most relevant. 

Similarly, the process and device in this invention are also 
Suitable for risk analyses under incomplete information. In 
a risk analysis, the main task is not to select among alter 
natives, but rather to analyze the risks involved in a situa 
tion. Typically, the risk situation consists of possible events, 
often linked in event chains, i.e. following an event is 
another event as a consequence of the former, a.s.o. The 
modelling steps are similar to the decision problem, but 
there is no choice of alternatives. Events, probabilities, 
consequences, and values are specified in the same manner, 
using only the degree of precision that is available. The 
analysis task is then to calculate the span of the expected 
value for the risk situation. 
The process and device in accordance with the present 

invention are also suitable for probabilistic networks with 
incomplete information. A probabilistic network contains 
chains of events dependent on each other, where one node is 
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a precondition for the event in the Subsequent node in a 
(directed) path. Decisions are made in probabilistic net 
works through adding values into influence diagrams and 
then transforming the networks to decision trees. The mul 
tiplication of probabilities occurring in probabilistic net 
works is procedurally equivalent to the evaluation of event 
chains in decision trees. 

For group decisions, it is common for the individuals 
participating in the decision process not to agree fully on all 
input data. In accordance with the present invention, this 
situation can be handled in the following manner. When 
there is disagreement over a probability or a value, the 
individual (or Sub-group) statements are recorded separately. 
Then, for the evaluation, a group interval is formed to cover 
all the different statements. The group's belief distribution is 
a combination of the individuals’s beliefs. The group's focal 
point is calculated from the different focal points, taking the 
sizes (and importance) of the different group members into 
account. During the contraction process, it is recorded how 
much of each individuals (or Sub-group’s) feasible regions 
have been reduced. This can be termed the compromise for 
each participant. The number and extent of compromises 
required to reach a decision can be displayed to the decision 
group as a basis for negotiation. It is a feature of the present 
invention to be able to handle individuals’ statements and 
preferences in a group decision process. 
An exemplary decision device in accordance with the 

present invention is schematically depicted in FIG. 2. The 
different blocks of the device each comprises computer 
instructions (software) executable on Suitable computer 
hardware. The decision device interacts with the decision 
maker in all blocks (not shown in the figure). 

Block 1: The decision tree is interactively constructed by 
the decision maker as in Definition 1 and Definition 2 as set 
out below, and stored in the decision tree module, which 
contains representation of all alternatives, criteria, events, 
Sub-decisions, and consequences in a tree form, Such as 
depicted in FIG. 4, or any equivalent or similar form of 
representation. The entire decision situation is modelled by 
a generalised decision tree (a rooted tree connected to a 
decision frame, see below). Each alternative under each 
criterion is represented by a separate tree frame as set out in 
Definition 19 below, which connects bases to the structure. 
Finally, all tree frames are joined together by a decision 
frame for example as set out in Definition 20 below, that 
links the alternatives under each criterion with the criteria 
(importance) weights to the full representation of a proba 
bilistic multi-criteria decision tree. By omitting the prob 
abilities, a deterministic multi-criteria weight tree problem is 
obtained. By omitting the weight tree, a probabilistic deci 
sion tree problem is obtained. 

Blocks 2 to 4: The decision maker statements of prob 
ability, value, and criteria weights are recorded as interval 
constraints, as set out in Definition 3 below, in probabilities, 
values, and criteria weights respectively and collected into 
constraint sets, see Definition 5 below. The constraint sets 
are checked for consistency, see Definition 6 below. This is 
done as a side effect of determining the orthogonal hull, as 
described in Definition 9 below. The orthogonal hull is 
determined by Procedure 1 described below. Consistent 
constraint sets together with the orthogonal hull are referred 
to as bases. The decision device as described herein keeps 
three kinds of bases. As criteria weights and probabilities are 
very similar, the probability bases (Block 2: Definition 13 
and Definition 14 see below) share the same properties as 
weight bases (Block 4: Definition 11 and Definition 12, see 
below) but with different kinds of information. Value bases 
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10 
(Block 3: Definition 15, see below) are kept in a separate 
module, together with security bases see Definition 16 
below. Furthermore, the bases contain information on the 
decision maker's belief in different parts of the intervals see 
Definition 17 and Definition 18 below. 

Block 5: One purpose of modelling the decision situation 
is to gain further insight into the problem. Another purpose 
is to be able to evaluate the decision given the information 
available. The primary decision rule is maximizing the 
weighted expected value, see Definition 21 below, i.e. the 
expected value of each criterion weighted by its relative 
importance stated as criteria (importance) weights. As a 
starting point, the decision device obtains the maximum 
(and likewise the minimum) of the weighted expected value 
in the decision tree in two steps. The first step is done 
through a set of procedures, which obtains components of 
the weighted expected values. In the example described 
herein, this is done using Procedures 2 to 6 as set out below. 

Block 6: The second step is to aggregate the criteria by 
means of criteria weights using Procedure 6 below, which 
obtains the weighted expected values of the entire decision 
frame. From the weighted expected value, several versions 
of the decision rule are obtained. Upper and lower bounds of 
the weighted expected value are communicated to the deci 
sion maker. As a complement to maximizing weighted 
expected values, security levels can be used to filter out 
alternatives that are too risky (see Procedure 7 below). In 
order to continue the analysis, the varying belief in the 
endpoints of the weighted expected values and all interme 
diate values must be taken into consideration. The local 
distributions of the belief by the decision maker (see Defi 
nition 24) generate centroids (see Definition 25), which act 
as most representative (believable) points, i.e. they are focal 
points in accordance with Definition 10 below. If there are 
no explicit distributions, uniform distributions (i.e. no dis 
crimination information) or other suitable distributions can 
be assumed. The belief in the resulting weighted expected 
value is obtained by multiplications (see Definition 26) and 
additions (see Definition 27). A resulting belief distribution 
can be obtained by iterating Definition 26 and Definition 27. 
For instance, a belief distribution over the expected value 
formula as set out in Definition 21 can be obtained by an 
iterative process. 

Block 7: Using a procedure for determining belief distri 
butions in accordance with Definition 28, only the interval 
parts with sufficient support (belief) are considered in the 
final analysis stage including sensitivity analyses of the 
results. 

FIG. 3 shows an instance of an overall process in accor 
dance with a preferred embodiment of the invention. Among 
others, the ordering of the operations can be altered or 
substituted. A process as described in conjunction with FIG. 
3 can be executed on any suitable decision device, for 
instance in the form of a computer system with stored 
computer instructions, which instructs the device to perform 
the steps of a process aimed at analyzing a risk or decision 
situation involving different criteria, alternatives, events, 
and consequences. The device could preferably also able to 
carry out risk analyses in which events and consequences are 
specified. As stated earlier, a risk analysis can be equally 
considered as a decision between the risk situation and a 
Zero alternative. Thus, both types of problems are henceforth 
referred to as decision problems. The entity posing the 
problem can be a human decision maker or group of decision 
makers, or it can be a non-human decision maker (Such as 
other devices) or a set of Such decision makers. 
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First, in a step 301, the decision situation is modelled with 
a generalized decision tree using alternatives, criteria, Sub 
decisions, events, and consequences and the construction of 
a decision frame using components from Definition 1 and 
Definition 2. Modelling the criteria hierarchy and the deci 
sion situation is in the same, unified format as set out below 
in Definition 19 and Definition 20. 

Thereupon, in a step 302, weights, probabilities, and 
values in the tree are specified, only to the degree of 
precision available, using intervals and comparisons also as 
set out below in Definition 3 and Definition 4. The state 
ments are collected in bases as in Definition 5 and Defini 
tions 11-15. Next, in a step 303, consistency and the 
orthogonal hull for the constraint sets are calculated. This is 
described below in Definition 6, Definition 7, Definition 8, 
Definition 9, and Procedure 1, and is applied to bases of 
Definitions 11, 12, 14, and 15. 

Next, in a step 304, belief distributions over some or all 
the sub spaces of the solution sets to the orthogonal hull are 
specified or calculated. These distributions model the 
explicit and implicit beliefs of the decision maker as set out 
below in Definition 17, Definition 18, Definition 23, and 
Definition 24. 

Next, in a step 305, centroids of the belief distributions are 
calculated using Definition 25 below as well as in the 
analogous distributions over Sub-sets derived using Defini 
tion 23. 

Thereafter, it is checked whether the problem is suffi 
ciently specified with the granulation of consequences in a 
step 306 given the available information. If so, the process 
proceeds to a step 308. Otherwise the process proceeds to a 
step 307. 

In step 307, the material is reconsidered, including con 
sideration of the consequences for the belief distributions. 
This step 307 preferably further includes the use of the local 
projection 

f(x) = Adva () = (n-1)(1 - xi) 

of a uniform belief distribution solution sets of the bases as 
a representation of belief in interval estimates. As an 
example, a partition of a consequence into a set of conse 
quences must be consistent with respect to such aspects. The 
same is the case in all Sub-spaces—not only one-dimen 
sional ones. 

When the generalised decision tree needs to be remod 
elled with respect to the alternatives, events, consequences, 
Sub-decisions, or criteria, the procedure then returns to step 
301. 

When the generalised decision tree needs to be remod 
elled with respect to the weights, probabilities, or values, the 
procedure then returns to step 302. 
When the generalised decision tree needs to be remod 

elled with respect to the various belief distributions, the 
procedure then returns to step 304. 

In step 308, the resulting belief distributions and the 
centroid of some decision rule is calculated. For instance, 
the belief distributions and the centroid of the generalised 
expected value using iterations of Definition 26 and Defi 
nition 27 below are calculated. In particular, in a preferred 
embodiment, this step contains the evaluation of decision 
and risk situations including the belief distributions as 
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12 
iterations of Definition 26 and Definition 27 generating 
belief distributions over forms such as 

Next, in a step 309, upper and lower bound (i.e. max and 
min) of the expected value of an alternative or any function 
of the alternatives are calculated for example as set out in 
Definition 21, Definition 22, and Procedures 2 to 6. 

Thereupon, in a step 310, sensitivity analyses are per 
formed in the form of belief cuts (see below) and other 
suitable methods in one or more variables at different levels 
in the decision tree at the same time. The most representative 
point is communicated (the centroid, Definition 25). Then, 
the Sub-intervals around the centroid representing the main 
belief are communicated, along with means of manipulating 
the widths of the Sub-intervals through specifying varying 
amounts of mass inclusion. 

Next, in a step 311, extreme value analyses are performed 
for example using security levels as set out below in 
Definition 16 and Procedure 7 or by other suitable means. 

Next, in a step 312, intervals that are meaningful for the 
results according to some concept, e.g., the evaluation of 
decision and risk situations including a procedure for deter 
mining the concept of warp of the results as a function of the 
concentration of the belief distributions are calculated using 
a suitable method for example as set out below in Definition 
28. 
The steps 301-312 are iterated through steps 313-314 until 

the decision maker is satisfied with the analysis. 
In step 313, it is checked whether the problem is suffi 

ciently analyzed. If not, perform a critical value check in 
step 314 by instantiating m of the total of n variables and 
varying the remaining n-m variables. Then go to step 307. 
Otherwise stop and present the result. 
On possible instance of the critical value check is to 

instantiate m variables with their centroid components and 
then calculate the possible variation of the expected values 
of the alternatives, by varying the remaining n-m variables. 

Another possible instance of the critical value check is to 
instantiate one variable with its maximum possible value 
and then calculate the possible variation of the expected 
values of the alternatives, by varying the remaining n-1 
variables. 
To gain a better understanding of the present invention, a 

brief illustration of a very small instance of the invention 
will now be described. It is merely to be seen as a small 
artificial example and is not intended to be delimiting in any 
respect. 
A medium-sized manufacturing company relied in one of 

its most important production lines on an old machine, to 
which spare parts had become increasingly harder to obtain. 
At a critical moment, the machine broke down in a more 
severe way than previously. It became clear to management 
that the machine was a potential threat to future operations 
unless it was either thoroughly repaired or replaced by a new 
machine. Using the invention, such a decision can be 
analyzed from several points of view, i.e. under several 
criteria. However, the example will only treat one of these, 
net profits. 

Scanning the market for this type of machine, the pro 
duction engineers found that Such machines are no longer on 
the market. Newer, multi-purpose machines have taken their 
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places, but at Substantially higher investment costs. In the 
used market, though, those older single-purpose machines 
are still a popular choice for their relative cheapness and 
durability. Thus, management is faced with the following 
decision situation involving two alternatives: 
A: Repair the old machine. This would be possible with 

custom-made spare parts, but at higher cost than standard 
parts and with unknown quality. Also, the future capacity of 
the machine is doubtful as many other parts of it are 
approaching age limits. 
A: Purchase a modern machine. Such machines are 

available from several suppliers. Their representatives are 
used to selling this kind of equipment, thus making the 
possession of the machine quite uncomplicated. A modern 
machine, though, has many more functions than required for 
the job and the cost of the extra features drain the cash flow 
from the production line. 
When selecting a particular course of action, a number of 

consequences may occur during the five year write-off 
period considered. It is important that for each action, the set 
of consequences in the method is exhaustive and exclusive, 
i.e. exactly one consequence will Subsequently occur. For 
the two alternatives, the following relevant consequences 
were identified. 

Alternative A Repairing the Old Machine: 
C: The machine will be out of order for a considerable 

part of the next five years, and will not function properly 
when in operation. The result is both less quantity and less 
quality than today and than the customers expect. 
C: The machine will be working most of the time, but 

will not always function properly when in operation. The 
result is full quantity but less quality than today and than the 
customers expect. 

Alternative A Purchasing a Modern Machine: 
C: The modern machine will be working most of the 

time, and will function properly when in operation, better 
than the old machine did before the major breakdown. The 
result is full quantity and full quality as the customers 
expect. 
C: The modern machine will be working as well as in 

C. In addition, it admits the production of new goods for 
which there is a sizeable market. Profits are not that high, 
though, since the company does not have a strong market 
position. 
The profits over the five year period when adopting the 

strategies of the respective alternatives have been estimated 
by the financial department. They are given as ranges and are 
as follows: 

Alternative A 

Consequence C1 20-40 MUSD 
Consequence C12 3S-SO MUSD 
Alternative A2 

Consequence C2 SO-60 MUSD 
Consequence C22 60-80 MUSD 

The costs of adopting the strategies of the respective 
alternatives have also been estimated by the staff. They are 
given as ranges and are as follows: 

Alternative A 5-15 MUSD 
Alternative A 25-30 MUSD 
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Note that the greater uncertainty regarding the costs for 

repairing the old machine is reflected by a wider cost 
interval. 
The net profits over the five year period are then calcu 

lated as profit less investment costs. They are given as 

Alternative A 

Consequence C S-3S MUSD 
Consequence C12 20-4S MUSD 
Alternative A2 

Consequence C2 20-4S MUSD 
Consequence C22 30-SS MUSD 

Finally, the probabilities of all consequences within each 
alternative were estimated given that the alternative was 
chosen. They are given as ranges and are as follows: 

Alternative A 

Consequence C11 25-65% 
Consequence C12 35-759% 
Alternative A2 

Consequence C2 60-80% 
Consequence C22 20-40% 

In the interval estimates above, we assume, for presenta 
tional simplicity, that the beliefs in the various values are 
uniformly distributed. Furthermore, we also assume that no 
relations exist between the values of the consequences. 
Non-uniform belief and relations between probabilities or 
between values are handled by the present invention but 
would unnecessarily complicate the example. 

This situation can be represented in a decision tree as in 
FIG. 4. 

Next, some of the procedures of the invention can be used 
for evaluating the situation. In this case, we can see Such a 
result in FIG. 5. The result is shown including a sensitivity 
analysis and the alternative Purchase is the preferred one. 
The X-axis shows a contraction (an automatic sensitivity 

analysis) in percent, for Zooming in on central parts of the 
intervals. The y-axis shows the difference in expected value 
between the alternatives. Furthermore, calculations as will 
be discussed below result in that the left part is not important 
to consider, because the belief in these values must neces 
sarily be low. 
The results should therefore be interpreted as the upper 

alternative in the figure being the preferred one. This does 
not mean that it is entirely impossible for the other to be 
more favourable than the preferred one. As long as the graph 
of Repair is above the x-axis, there is such a possibility. 
However, the likelihood that Purchase is the alternative to 
prefer is substantially higher, so this should definitely be 
chosen if no other information is available. End of example. 
AS has been seen above, criteria hierarchies and decision 

trees are both trees of a similar kind. Consider the examples 
in FIG. 6 and FIG. 7. Instead of valuing the alternatives 
directly as in an ordinary multi-criteria analysis, the value of 
an alternative can be calculated from a probabilistic decision 
tree, i.e., the valuation of the alternatives can be included in 
the multi-criteria tree. In FIG. 8, the alternative values under 
weight win the criteria hierarchy have been substituted by 
entire decision trees. In the figure, the tree structure is 
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symmetric. This is, however, not a necessary condition and 
the respective decision tree parts can be entirely different. 

The expected value of the alternatives in FIG. 8 can now 
readily be calculated with respect to this structure. 

2 2 2 2 

E(A) = wi vik PinXPinyin: 
n=1 

The positions of the nodes A, do not affect this value, but 
it simplifies the presentation if these nodes are on the second 
level in the tree. In FIG.9 a computationally equivalent tree 
to the tree in FIG. 8 is shown. It is a feature of the present 
invention to transform the trees w.r.t. the alternative nodes 
A shifting their position while preserving the meaning of 
the tree. This enables the efficient execution of Procedures 2 
to 7. 

In the next few sections, the criteria-consequence struc 
ture is formalized and it is explained how numerical impre 
cision and relations can be modelled and evaluated. 
The decision device represents the user decision problem 

in a tree form. Then, it is possible to evaluate the alternatives 
under consideration using several principles, among them 
maximizing the expected value (utility). The work with the 
decision device is preferably carried out interactively in 
several rounds (iterations), see FIG. 3. For each iteration, 
more precise and complete information can be entered, 
finally leading up to an understanding of the decision 
situation and the results of which forms a basis for making 
the decision. Note that it is not necessary to enter informa 
tion on every item in order to be able to start the process. 
Parts of the information could be left out to begin with. 
The decision-maker's situation is modelled as a decision 

frame. The frame is a key data structure in the method, 
holding references to other structure information and to the 
bases containing most of the information. All statements 
entered via the decision device user interface are collected in 
the decision frame. The device keeps the bases, and thus the 
decision frame, consistent at all times. 
The decision device stores the user's information in 

several ways. The user models the decision problem in a tree 
form. Each alternative under each criterion can be consid 
ered a separate sub-tree, here denoted a rooted tree. The 
“user should not be taken to mean only human users; it may 
also be other processes, computer agents, or other stored 
computer programs. 

Definition 1. 
A graph is a structure <I.N.E>, where I is an index-set, N 

is a set {n}, ie I, of nodes and E is a set {(nn.)}, i,je I, izij, 
of edges (node pairs). A tree is a connected graph without 
cycles. A directed tree is a tree where the node pairs are 
ordered, i.e., (nn.)z(nn.). 
Definition 2. 
A rooted tree is a directed tree <I.N.E.rd where exactly 

one node n, has the property -k:(nn.) e E. n is called the 
root of the tree. The set N is partitioned into two subsets of 
leaf nodes (N) and intermediate nodes (N). n, e N iff 
k:(nn.) e E. Since N =N/N, n, e Niff-k:(nn.) e E. The 
index-set I is partitioned accordingly: an index i e I if n, e 
N and an index i e I, if n, e N. An intermediate node n, e 
N has children indices C={j:(nn.) e E}. 
A possible labelling is demonstrated in FIG. 10. 
A rooted tree used for representing criteria trees and 

decision trees modelled in the same structure is referred to 
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as a generalised decision tree. This is the case even when the 
criteria or the decision part do not contain any nodes. 
Constraint Sets 

All the user statements are collected together into sets of 
constraints. When the decision structure is properly in place, 
it is used to capture user statements in a straightforward way. 
There are two types of constraints. User statements are 
translated into user constraints (such as range or compara 
tive, see below). One technique is to present the decision 
maker with a graphical interface where the statements can be 
interactively entered. Another technique is to translate lin 
guistic statements by translation rules. The other type of 
constraints is structural constraints (such as normalization), 
emanating from the structure of the problem. 

Weight Statements 
To handle user weight statements (intervals and compari 

Sons) computationally and mix them with fixed numbers, 
they are translated into a suitable form. This means that they 
are translated into inequalities, using the above Suggested 
interval format. 

Range statements translate into range constraints. A rea 
sonable interpretation of such statements is that the estimate 
is not outside of the given interval but without any explicit 
hint as to where it might be inside of it. 

Comparative statements compare the weights of two 
criteria with one another, Such as “the criteria C and C are 
equally important” or “the criterion C is more important 
than C. Those statements are translated into comparative 
constraints. 

Probability Statements 
To handle user probability statements (intervals and com 

parisons) computationally and mix them with fixed num 
bers, they are translated into a suitable form. This means that 
they are translated into inequalities, using the above Sug 
gested interval format. 
Range statements translate into range constraints. A rea 

sonable interpretation of such statements is that the estimate 
is not outside of the given interval but without any explicit 
hint as to where it might be inside of it. 

Comparative statements compare the probabilities of two 
consequences occurring with one another, such as “the 
events C and C are equally probable' or “the event C is 
more likely to occur than C. Those statements are trans 
lated into comparative constraints. 
Value Statements 

Value statements are considered in a manner similar to the 
probability statements. The value statements are translated 
into interval form in order to be entered into the decision 
problem. 
Range statements translate into range constraints. A rea 

sonable interpretation of such statements is that the estimate 
is not outside of the given interval but without any explicit 
hint as to where it might be inside of it. 

Comparative statements compare the probabilities of two 
consequences occurring with one another, such as “the value 
of consequences C and C are equal” or “the value of 
consequence C is higher than value of consequence C. 
Those statements are translated into comparative con 
straints. 

Definition 3. 

Given an index-set I, a set of variables S={x, a 
continuous function g:S'->0.1, and real numbers a,b e 
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0.1 with asb, an interval constraint g(x1, . . . .X.) e a,b 
is a pair of weak inequalities g(x, . .X.)2a and 
g(x1, . . . .X.)sb. 

In this manner, equalities and inequalities are handled in 
a uniform way. There are three types of constraints and they 
correspond to different types of decision-maker statements. 
Definition 4. 

Given an index-set I, a set of variables {x}, and real 
numbers a,b e 0.1 with asb: 
A range constraint is an interval constraint of the form X, 

e a, b where i e I 
A comparative constraint is an interval constraint of the 

form X-X, e (a,b) with ije I and izj. 
A normalization constraint is an interval constraint of the 

form x+...+x, k for h . . . .h, e I and h, h, iffij. 
A collection of interval constraints concerning the same 

set of variables is called a constraint set, and it forms the 
basis for the representation of decision situations. 
Definition 5. 

Given an index-set I and a set of variables X, a 
constraint set in X, is a set of interval constraints in 
{x}r. 
The first procedure determines whether the elements in a 

constraint set are at all compatible with each other. This is 
the problem of whether a constraint set has a solution, i.e. if 
there exists any vector of real numbers that can be assigned 
to the variables. 

Definition 6. 
Given an index-set I and a set of variables X, a 

constraint set X in {x} is consistentiff the system of weak 
inequalities in X has a solution. Otherwise, the constraint set 
is inconsistent. A constraint Z is consistent with a constraint 
set X if the constraint set {Z} U X is consistent. 

In other words, a consistent constraint set is a set where 
the constraints are at least not contradictory. A computa 
tional procedure is required for determining whether a base 
is consistent or not. It is consistent if any solution can be 
found to the set of interval constraints. If the base is 
consistent, the orthogonal hull can be calculated. Thus, 
consistency is checked at the same time as the orthogonal 
hull is calculated. 

In evaluating problems, it is necessary to find optima for 
given objective functions. The following definition intro 
duces a shorthand notation for the max- and min-operators. 
Definition 7. 

Given an index-set I, a consistent constraint set X in 
{x}, and a functions f, max(f(x)) sup(a | {f(x)>a} U 
X is consistent). Similarly, min(f(x)) inf(a|{f(x)<a} U 
X is consistent). 
Definition 8. 

Given an index-set I, a consistent constraint set X in 
{x}, and a function f, argmax(f(x)) is a solution vector 
that is a solution to max(f(x)), and argmin(f(x)) is a 
solution vector that is a solution to *min(f(x)). 

Note that argmax and argmin need not be unique. 
The orthogonal hull is a concept that in each dimension 

signals which parts of interval statements are incompatible 
with the constraint set. This is fed back to the decision 
maker. 

Definition 9. 
Given an index-set I and a consistent constraint set X in 

{X, the set of pairs {<min(x), max(x,)>}, of minima 
and maxima is the orthogonal hull of the constraint set and 
is denoted <min(x,), max(x,)>, 
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The orthogonal hull can also be denoted upper and lower 

probabilities if X consists of probabilities and upper and 
lower values if X consists of values. In order to calculate the 
hull, it is necessary to find the pairs < min(x), max(x,)>, 
i.e. finding minima and maxima for all variables in the base. 
All maxima and minima are found at the same time by the 
decision device using the following procedure. 
Procedure 1. 

To find <min(x), max(x,)>, for all variables X, in indi 
ces from the index-set I, reformulate it into the optimization 
problem 

where each x, is represented by the two variables X,"and x,. 
The constraint set X is derived from X in the following 

way (for any inequality operator g): 
Range Constraints: 
An inequality X, rak is transformed into 
a) X, ak and b) X, rak. 
Comparative Constraints: 
An inequality X, -X, ak is transformed into 
a) X,"-X," a.k and b) X, -X, ak. 
Normalization Constraints: 

An equality X(x)=k is transformed into 
Wiel: a) X,"-X, (x,)ek and b) X(x,)-X sk. 
The solution vector (X,. . . . .X, X, ". . . . .x,") argmax 

X,(X,*-x,) will then contain the upper and lower limits such 
that for each X, the pairs <X, X,"> are the orthogonal hull 
components. 

For convexity reasons, the entire interval between those 
extremal points is feasible. The procedure works regardless 
of the tree shape. Now, the decision device can display to the 
user, which statements are incompatible or which parts of 
intervals are not compatible with the rest of the statements. 
Hence, at all times, the decision device is capable of 
maintaining a consistent model of the user's problem in 
collaboration with the user. 

Definition 10. 

Given a constraint set X in {X, and the orthogonal hull 
H=<a,b,c of X, a focal point is a solution vector (r. . . . .r.) 
with as r, sb, Wiel. 

Focal points can be chosen in several ways. The most 
important is to choose the centroids (mass points) of mul 
tivariate distributions (see Definition 25). The meaning of 
the focal point is the single most representative fixed num 
bers for each of the variables in the constraints in the 
constraint set. This is used in i.a. Sensitivity analyses. 
Bases 

There are two types of bases, weight bases (criteria 
weights and event probabilities) and value bases. 

Weight Bases 
The Smallest conceptual unit is the weight node base, 

which collects all weight statements made regarding a 
specific intermediate node in a tree. 
Definition 11. 

Given a tree T=<I.N.E.r> and an intermediate node n, 
consider the index-set C, of disjoint and exhaustive children 
nodes. Then the weight node base X, is derived from a set of 
user range and comparative statements. The user constraints, 
together with the default constraints 
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ke Ci 

and Wk e C.:X e 0.1, form a weight node base with the 
following content. 
An orthogonal hull <ab>, ke C, that represents the user 

and default range constraints. 
All user comparative statements. 
The normalization constraint 

Thus, the base transforms statements into constraints 
while maintaining the same meaning. A base is more Suitable 
for the decision device to handle. The next aggregation level 
is that of a weight base, which collects together all weight 
statements (be it criteria weights or event probabilities) 
belonging to all nodes in the same tree. 
Definition 12. 

Given a tree T–CI.N.E.r> with an index-set I, and all 
intermediate nodes n, ie I. Then the weight base X is the 
collection of all weight node bases X, combined, i.e. 

X = U X, 
is il 

of orthogonal hulls, normalizations, and user comparative 
StatementS. 

These bases are used for criteria weights. 
Probability Bases 

Probability bases are similar to weight bases. For events, 
they are assigned probabilities of occurring. These prob 
abilities are handled as weights. Thus, an event base is a 
collection of probability constraints for a specific event 
(intermediate node). 
Definition 13. 

Given a tree T=<I.N.E.rd and an event node n, consider 
the index-set C, of disjoint and exhaustive consequences of 
the event, event user statements in {p}ec and a discrete, 
finite probability mass function II:n, 0.1 over {p}. 
Let p, denote the function value II(n). II obeys the standard 
probability axioms, and thus p, e (0,1) and X, p. 1 are default 
constraints. This weight node base is called an event base. 

Thus, an event base is characterizing a set of discrete 
probability distributions. As with weight bases in general, 
the next aggregation level is that of a probability base, which 
collects together all weight statements (be it criteria weights 
or event probabilities) belonging to all nodes in the same 
tree. 

Definition 14. 

Given a tree T=<I.N.E.rd with all intermediate nodes n, 
i e I. Then the probability base P is all event bases P, 
combined, i.e. 
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P=UP, 
is il 

of orthogonal hulls, normalizations, and user comparative 
StatementS. 

Value Bases 
Requirements similar to those for probability variables are 

found for value variables. There are apparent similarities 
between weight and value statements but there are differ 
ences as well. The normalization (X X 1) requires the 
weight variables of an intermediate node to sum to one. No 
similar constraint exists for the value variables. 

Definition 15. 
Given a tree T=<I.N.E.r>, consider the set N of leaf 

nodes. Then a value base is derived from the set of user 
range and comparative statements. The user statements, 
together with the default constraints Wke I:ve (0,1), form 
the base constraints in the following way. 
An orthogonal hull <aba, ke I that represents the user 

and default range constraints. 
All user comparative statements. 
Similar to weight bases, a value base is characterizing a 

set of value functions. 

Definition 16. 
Given a tree T=<I.N.E.re, a value base V, and a level 

constanta e (0,1), consider the set N of leaf nodes. Then a 
security base S(Va) in the variables {s} is derived from the 
value base 

0 if {v: < a.}UV is inconsistent 
wke it, s = 

1 if {v: < a.}UV is consistent 

V in the following way. 
Note that, in the sequel, for simplicity there is not made 

a distinction between a base and its content (the constraints) 
unless it is necessary for understanding the presentation. 
Belief Distributions 
The weight, probability and value estimates as discussed 

above are expressed by weight functions, probability distri 
butions and value functions. To enable a differentiation of 
functions, second order estimates (such as belief distribu 
tions) can be defined over multi-dimensional spaces, where 
each dimension corresponds to, for instance, possible 
weights, probabilities, or values of consequences. By this, 
the distributions can be used to express differing strengths of 
belief in different vectors in the polytopes that are solution 
sets to the bases. As an example, FIG. 11 shows a belief 
distribution over a two-dimensional space. 
More formally, the solution set to a probability or value 

base is a subset of a unit cube. This subset can be represented 
by the support of a distribution over the cube. 
Definition 17. 

Let a unit cube be represented by B=(b. . . . .b). The b, 
are written out to make the labels of the dimensions clearer. 
More rigorously, the unit cube should be represented by 
(0,1). For the same reason, a cube is sometimes denoted 
using variables p, and V. 
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Definition 18. 

A belief distribution over B is a positive distribution g 
defined on the unit cube B such that g(x)dV(x)=1, where 
V is some k-dimensional Lebesque measure on B. The set 
of all belief distributions over B is denoted BD(B). 
Decision Structures 

Using the above concepts of constraint and base, a deci 
sion situation is modelled by a decision frame. To begin 
with, each alternative under each criterion is represented in 
the decision device by a tree frame. 

Each alternative under each criterion is represented by a 
tree frame. 

Definition 19. 

Given a decision alternative, Statements are made about 
the probabilities of the events as well as values of the 
consequences. A tree frame is a structure <TPV.T2 con 
taining the following representation of the alternative: 
A rooted tree T=<I.N.E.r> with index-set partitions I and 

If, and, for each i e I, the child index-set C. 
A consistent probability base P in variables {p,}, i e I\{r}, 

representing all probability statements in the form of 
constraints. 

A consistent value base V in variables {v}, i e I, 
representing all value statements in the form of con 
straints. 

A belief distribution T over the solution sets to P and V. 
The decision device models all alternatives under all 

criteria in the same structure. This structure (the decision 
frame) contains the full representation of the entire decision 
problem, and all evaluations are made relative to it. 
The probability, value and weight bases together with 

structural information constitute the decision frame. 

Definition 20. 
Given a multi-criteria decision situation with c criteria 

(K. . . . .K.) in a tree To (called a weight tree) and with m 
alternatives. A decision frame is a structure <T.W.S2.m.c. 
F>, F={F} for all ik e {1, . . . .mx{1 . . . . .c}, where 
F. CTP, V.I.> is a tree frame for alternative A, under 
criterion k. The decision frame contains the following rep 
resentation of the situation: 
A weight tree To with c criteria K, each being represented 
by a leaf node. 

A consistent criteria weight base W in variables {w}, i.e 
Io", representing all criteria weight statements in the 
form of constraints. 

For each criterion, a tree frame F for each alternative. 
A belief distribution S2 over the solution set to W. 
This means that a decision frame can be seen as a 

generalised decision tree together with a set of bases and 
belief distributions. 

Note that sub-decisions (i.e. local decisions within a 
criterion) can easily be modelled in the decision frame in 
Definition 20 by assigning the Sub-decision to an event node. 
Then, the outcomes of the event become courses of action in 
the sub-decision. The probabilities of the edges from an 
event node representing a Sub-alternative not chosen are set 
to 0 and the probability of the edge from the event node 
representing a Sub-alternative chosen is set to 1. Hence, all 
definitions and procedures in this invention apply to deci 
sions containing Sub-decisions as well. Except for the main 
decision (at the root node), we can handle all Sub-decisions 
formally as probability events. 
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When all statements in the current state of the problem 

have been entered, the data entry phase is over for the time 
being. As the insights into the decision problem accumulate 
during all the following phases, it is possible to add new 
information and alter or delete information already entered. 
This stepwise procedure is iterated as necessary. 

Evaluation 

One of the main purposes of modelling the user's infor 
mation in a decision frame is for the decision device to be 
able to evaluate the available decision alternatives. In order 
to do this, the alternatives are evaluated primarily using the 
expected value, first under each criterion and then for all 
criteria weighted together using the weight tree in the 
decision frame. The principle of maximizing the expected 
value is complemented by other, Supplementary decision 
rules such as security levels. 
The first concept to consider for a decision device is the 

weighted value of a tree, be it criteria weights or event 
probabilities. 

Definition 21. 

Given a tree frame <TX,Y >, T=<I.N.E.r>, where X 
contains constraints in variables (x,), i e I\{r} and Y 
contains constraints in variables {y}, je If the weighted 
value G,(T) of an intermediate node n, in T is 

yi, is it 

X(x, G. (T)), ie I' 
keC; 

The weighted value of the tree is G. (T), i.e. the weighted 
value of the root node n. 
Definition 22. 

Given a tree T=<I.N.E.rd, a weight base X containing 
constraints in variables {x} and a set D={d} of constants, 
the weighted value G.(TD) of an intermediate node n, in T 
is 

d is it 

GTP-X (v. G. (T, D), ie it 
keC; 

The weighted value of the tree is G, (TD), i.e. the weighted 
value of the root node n. 

Note that the weighted value G,(T) and the weighted 
value G. (TD) are different definitions. 
The decision device is able to obtain the maximum of the 

weighted expected values in the decision tree. This is done 
through a set of procedures, which obtains components of 
the weighted expected values in units of increasing aggre 
gation up to Procedure 6, which obtains the weighted 
expected values of the entire decision frame. 
Procedure 2. 

Given a set D={di}, i e {1, . . . .n}, of n constants and a 
base X in n variables {x}, i e {1, . . . .n}, without 
comparative constraints, 
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maxX (di : Xi) 
je Ci 

is found as follows: Re-index {d} such that w did, e D, 
ded, if i-j. Then 

"may (di : X) -Xaro, 
i=l i=l 

where a max(x) and X* is X U {x -a-, U. . . U 
{X, a. 
Procedure 3. 

Given a set {d}, i e {1, ...,n}, of n constants and a base 
X with n variables {x}, i e {1, . . . .n}, 

maxX (di : Xi) 

is found in one of two ways. 
3A: If there are comparative constraints in X, 

maxX (di : Xi) 

is found by an ordinary LP algorithm such as Simplex. 
3B: If there are no comparative constraints in X, 

maxX (di : Xi) 

is found by Procedure 2. 
Procedure 4. 

Given a tree T=<I.N.E.rd, a weight base X and a set 
D={d}, i.e I, of constants. Then max G(TD) imax 
G.(TD). 'max G,(TD) is found by 

di, is it 

maxG;(T, D) = maxX (xi. G. (T, D)), i.e . 
keC; 

Note that because of independence between X and D, for 
any i e I 

maxX (xi. G. (T, D)) = maxX (x = maxG (T, D)), 
jeC; jeC; 

where first r-max G(T, D)) is found by Procedure 4, and 
then 
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maxX (xi, ri) 
je Ci 

is found by Procedure 3 (after re-indexing). 
Procedure 5. 
Given a tree frame <TX,YT2, with a tree T=<I.N.E.rd, 

denote the orthogonal hull for Y <ab>'. Let XY be XUY. 
the collection of all constraints in the two bases X and Y. 
Then 'max G(T)=max G(T{b}), ie I. max G(T{b}) is 
found by Procedure 4. 
Procedure 6. 

Given a decision frame <T. W.S2.m.c.F), with F={F} 
for allike {1, . . . .m}x{1, . . . .c}, where F, <T.P.V. 
T) is the tree frame for alternative A, under criterion k. Let 

i 

P = U P. 
i=l 

and 

i 

V = U Vik. 
i=1 

The maximum of the function f() of weighted expected 
values is "max G(T{r}), where w k e Io, r **max 
f({G(T)}), ie A, A C {1, ....m}. Because of separability, 
r=f({*max G(T)}). Each r is found by Procedure 5. 
Then "max G(To {r}) is found by Procedure 4. 

All the maximizing procedures above are likewise appli 
cable to minimizing operations by means of changing the 
sign of the objective function. Thus, upper and lower bounds 
are obtained. 

There are several functions f() that are important for a 
decision device to calculate. Among others, apart from the 
weighted expected value H, of an alternative A, (i.e. f({G 
(T,)})=G(T) for each index pair is), 8, denotes the differ 
ence in weighted expected values H,-H, between two alter 
natives A, and A and Y, denotes the expression 

1 
H - IX H. 

for m alternatives. 8, is the pair-wise comparison of alter 
natives and Y, is a total ranking of all alternatives. These 
results are displayed to the user (if human, see FIG. 1) or 
sent to the agent or similar (if non-human). 
Supplementary Rules 

There are several supplementary rules to the rule of 
maximizing the expected value. One Such class of rules is 
security levels. They remove alternatives that are too risky 
to pursue from an end-result point of view, i.e. the outcome 
might, with a possibly low probability in one or more 
criteria, be unacceptable. Those alternatives are filtered out 
regardless of having a plausible expected value. Procedure 
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7 is the security level procedure, in which the filter is 
obtained by a transformation of the value base. 
Procedure 7. 

In Procedure 6, use security bases S(Va) instead of value 
bases V. Then the procedure obtains the maximum inse 
curity at value level a e 0.1 for the desired function f(). 
The result of a security filtering is communicated to the 

user, and is also subject to the same sensitivity analyses that 
apply to maximizing the expected value. 
The decision device is thus able to, in interaction with the 

user, find the most qualified alternatives if there is enough 
information for them to be found. During the process, the 
decision device is able to direct the gathering of information 
by showing, using sensitivity analyses, which parts of the is 
incomplete information needs to be improved the most by 
indicating the relative influence over the final evaluation 
results. 
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Local Belief Distributions 
The T- and S2-distributions in a decision frame expresses 

the qualification of beliefs in different values in the solution 
sets of the bases. However, the only information at hand in 
a decision situation is, in practice, local over a Subset of 
variables (i.e. of lower dimension), because most decision 
makers have no access to, or perception of the belief 
distributions over the entire decision frame at the same time. 
Therefore, the relationship between belief distributions over 
entire bases and over local ones, i.e., what do beliefs over 
some subset of a unit cube mean with respect to beliefs over 
the entire cube, form the basis for S-projections. 30 
Definition 23. 

Let B-(b. . . . .b.) and A (b. . . . .b), i, e {1, ...k} be 
unit cubes. Furthermore, let Fe BD(B), and let 

35 

F(x)d VRA (x). fA(x) J. (x)d WBA (x) 

40 

is an S-projection of F on A. This projection is denoted 
f–Pr(F). 
An S-projection of a belief distribution is also a belief 

distribution. A special case is when belief distributions over 
the axes of a unit cube B are S-projections of a belief 45 
distribution over B. 

Definition 24. 

Let a unit cube B=(b. . . . .b) and Fe BD(B) be given. 
Then f(x)= F(x)dV (x), where B-(b. . . . .b. 
b. 1. . . . .b) is a belief distribution over the axis b. The 
result of such a projection will be referred to as a local 
distribution. 

In the decision device, the decision maker has two 
options. Either to explicitly enter the varying belief in all the 
different parts of the intervals, or to omit it, in which case the 
belief can be regarded as implicitly uniform (or another 
distribution depending on the decision situation) over the 
entire feasible intervals. The procedures and analyses that 
follow are the same in both cases. In this presentation, 
whenever uniform distributions are used, this should not be 
delimiting in any respect. 
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Centroids 
Intuitively, the centroid of a distribution is a point in space 

where some of the geometrical properties of the distribution 
can be regarded as concentrated. 

65 
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Definition 25. 

Given a belief distribution F over a cube B, the centroid 
F of F is F. xF(x)dV(x), where V is some k-dimensional 
Lebesque measure on B. Centroids are invariant under 
projections on Subsets of the unit cubes in the sense that the 
S-projections of a centroid on a Subset have the same 
coordinates as the centroids of the corresponding S-projec 
tions. Thus, a local distribution of a belief distribution 
preserves the centroid in that dimension. 
Uniform Distributions 

Uniform distributions could arise either as the decision 
maker explicitly enters them or as the decision maker omits 
information on belief distributions. The local distribution of 
a uniform distribution over the surface 

in a cube B-(b. . . . .b), is a polynomial of degree n-2, 
where n is the dimension of B. This means that the local 
distributions resulting of a belief distribution over a base 
with 3 nodes are of degree 1. Similarly, the local distribu 
tions resulting from a distribution over a base with 4 nodes 
are of degree 2, etc. In general, the intervals are of the type 
a, b, where a and b usually are real numbers in 0, 1. 
However, for presentational purposes, without any loss of 
generality, the intervals are 0, 1], i.e. a-0 and b=1. 

For instance, the S-projection f(x) on the axes when n=3, 
is 2-2x, i.e., 

see FIG. 12. The centroid of this distribution is 

Another example is the local distribution f(x,) of a 
uniform distribution over the surface 

in a 4-dimensional cube, with centroid 4: 

1-xi fl-y-x 
f(x)= ? 6dzdy = 3(1-2x + x) = 3(1-x). 

O O 

See FIG. 13. 

This can be stated more generally. Let F be a uniform 
distribution over the surface 
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in a cube B=(b. . . . 
of F on b. Then 

b) and let f(x) be the local distribution 

The centroid of f(x,) is 

Considering a probability base, when asserting a set of 
interval probability statements without further second-order 
qualification, one interpretation is that a decision maker 
believes equally in all feasible points with respect to the 
probability assertions (the orthogonal hull), i.e., the Solution 
set that is represented by a uniform distribution over the 
probability base. However, the constraint 

must be satisfied in the base, since it is not possible to 
believe in an inconsistent point such as 10%, 30%, 50%, 
40%. Consequently, the local distributions are as above. 

For the same reason, in the case of uniform distributions 
over bases without constraints of the type 

Such as value bases, the local distributions are uniform as 
well. 

Procedure for Beliefs 
The expected value of the alternatives, represented by a 

classical decision tree, are straight-forwardly calculated 
when all components are numerically precise. When the 
domains of the X:s are solution sets to probability and value 
bases, this is not as straightforward. For interval assign 
ments, the default could be to assume that the beliefs in the 
feasible values are uniformly distributed. 

Let G be a belief distribution over the two cubes A and B. 
Assuming that G has a positive Support on the feasible 
probabilities at level i in a decision tree, i.e., is representing 
these (the support of G in cube A), as well as the feasible 
probabilities of the children of a node X, i.e., xi, 
X2,...,x, (the support of G in cube B). Let f-Pr(G) and 
g-Pr(G). Then the functions f and g are belief distribu 
tions. Furthermore, there are no relations between the prob 
abilities on different levels so the distributions f and g are 
independent. 
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Consequently, the invention contains the following pro 

cedure for determining the distribution over the product of 
the distributions f and g. Informally, it is applied to the 
beliefs in X and y by multiplication and then added for all for 
all values Zxy. Similarly, the addition of values with belief 
distributions defined over them means that the beliefs in X 
and y are multiplied and then added for all for all values 
ZX+y. 

Definition 26. 
The product of two belief distributions f(x) and g(x) is 

h(z)= f(x) g(y)ds, where T ={(x,y):xy-Z and 0szs 1. 
FIG. 14 shows some instances of the integration domain 

z 

Definition 27. 
The sum of two belief distributions f(x) and g(x) is h(z)= 

f(x) g(y)ds, where T ={Z:ZX+y} and 0s Zs 1. 
Let A and B be cubes and let G be a belief distribution 

over AxB. Let f(x)=Pr(G(Z)) and g(y)=Pr(G(Z)). The 
product of f(x) and g(y) is a belief distribution. 

Furthermore, the centroid h of h(z) always satisfies 
hi fig, where f and g are the centroids off and g 
respectively. 
Distributions in Trees and Networks 

Evaluating a result, e.g., the expected value, by aggregat 
ing probabilities and values in a tree according to Definition 
26 and Definition 27, there are two main cases for the 
procedures of a decision device to consider. 
The constraints can be linearly independent as in a value 

base without equality statements (independent base). 
The other case is in a weight or probability base, when the 

weights or probabilities of node sum up to 1 (dependent 
base). 

In the independent case, the distributions over the inter 
vals could be considered to be uniform over the respective 
axes intervals. 

Uniform Distributions in an Independent Base 
Assume a base where the constraints are linearly inde 

pendent. If the assertions are made through intervals, then 
the belief in all feasible points are equal, i.e., the component 
distributions are constant, f(x) g(y)=1, on the intervals 
0.1. Then, the line integral in Definition 26 results in 

Subsequent multiplications of uniform distributions over 
intervals 0,1 results in Log(z)/2 when three functions are 
multiplied, etc. This is stated generally as: 

Let f(x)=1, . . . . f(x)=1 be belief distributions over 
the intervals 0,1 and let T- (x,x): X,x, -Z}. The 
distribution h(z) is the distribution over m factors, 

hn (n) = (n - 1) 

FIG. 15 shows the plots of the functions on depths 2 to 7. 
The centroid (mass) of the resulting belief distributions 

become more shifted towards the lower values, the more 
factors that are involved. Already after one multiplication, 
this effect is significant. From initially uniform distributions, 
the resulting distribution has entirely different properties. 
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The resulting distribution still has a support on the entire 
interval 0.1, but the relative belief in the feasible points is 
warped. 

This tendency is confirmed when considering the behav 
iour of the centroid. The centroid of the distribution h(z) 
1S 

'(-1" (Log)" 

The decision device uses the centroid as its focal point, 
displaying how it warps in repeated multiplications. 
Uniform Distributions over Dependent Bases 
A local base is a node base where all the labels are 

children of the same node. When only linear constraints are 
given, a belief function F(XX . . . .X.) could be assumed 
to be uniform over the local node bases. The projections of 
a uniform distribution over a probability base, without other 
constraints other than the default ones, are polynomials of 
degree n-2 with centroids 1/n. 

Let F(X1,X2.Xs.XXs.X) be uniform over the Surfaces 
x+x+x = 1 in a cube A and X+x+x 1 in a cube B. Let 
f(x)=Pr(F) and g(y)=Pr(F). Assuming that y=Z/x, Defini 
tion 26 yields 

= -4(2-23 +Log(x) + z, Log(z)), 

with centroid at /6. See FIG. 16. 
One more multiplication results in the centroid /27 and the 

Log(z)). See FIG. 17. 
Generally, given m distributions over the surfaces 

in cubes B, (b. . . . b) the centroid of f(z) is 

This means, for instance, that having a 4-ary tree of depth 
3, the resulting distribution becomes 27/2(24(Z-1)-9(Z-1) 
Log(z)-(z+8Z-1) Log(z)) with a centroid 4=/64. 

See FIG. 18. The orthogonal hull components are <0.1>. 
and in order to inform the decision maker that nearly all 
belief is concentrated close to the lower bound, the centroid 
is used. 

Procedure for Determining Belief Distribution 
The mass of the resulting belief distributions becomes 

more warped towards the lowest values the deeper the tree 
is (multiplication) and the more factors are aggregated 
(addition) in the expected value. 
The tendency of the centroid (mass) to aggregate close to 

the minimum value above dictates how the decision device 
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30 
handles interval multiplication. The resulting belief is much 
more concentrated to the left (lower bound) than what pure 
interval calculations Suggest. Addition yields similar ten 
dencies, but towards the centroid instead. 
The aggregated distribution of the expected value, i.e., a 

sum of products, is very different from its components. The 
most important Sub-intervals are the Supports of the distri 
butions where most mass is concentrated. 

This can, e.g., be seen from FIG. 16, where about 95% of 
the mass is concentrated in the interval 0, 0.38. Similarly, 
95% of the mass is concentrated in the interval 0, 0.15 and 
(0, 0.07 in FIG. 17 and FIG. 18, respectively. This can be 
compared to the effects of pure interval boundary calcula 
tions, which would generate a resulting interval 0, 1. 
Definition 28. 

Let f(x) and g(y) be two belief distributions over the two 
one-dimensional cubes A and B, let h(z) be the sum or 
product of these and let Supp(F) be the support of a belief 
distribution F. Denote max(Supp(f)) X and min(Supp 
(f))=Xtry as well as max(Supp(g)) yu and 
min(Supp(g)) yiv. 
Then define: 

where C. e 0,1 Lenf(x) g(a,b) for some function g with 
the domain Int,(f(x)). 
One important instance of the latter is: 

Leno f(x) = min(b- of foods C, 

where C. e 0,1 Prop f(x)-Lenf(x)/(x-xx) and 
analogously for g(y) and h(Z). 
One important observation is that it generally follows 

that: 
Proph(z)<<Propf(x) 
Proph(Z)<<Propg(y) 
This means that the main parts of the distributions usually 

are contained in a narrower interval compared with the 
intervals from the possible extreme points. The decision 
device keeps track of this warp. The procedure for sensitiv 
ity analyses varies the parameter C. depending of how much 
mass of the belief distribution a decision maker wants to take 
into consideration. By varying a and b above, a method for 
checking the sensitivity is obtained even if f(x) and g(y) are 
not explicitly provided. 
The results of an evaluation are subject to generalized 

sensitivity and stability analyses to be carried out in a large 
number of dimensions at the same time. This is done by 
determining the stability of the relation between the conse 
quence sets under consideration by considering values far 
from the centroid as being less reliable than the closer ones 
due to the former being less supported. The device performs 
sensitivity analyses and stability analyses in at least four 
ways. Apart from traditional analyses, this is done by 
contractions, by generalized critical value checks (such as 
for example generalized tornado diagrams), and by belief 
mass proportions (such as Proph(z)). 
The decision device handles the expected value and 

Supplementary information Such as security levels in two 



US 7,257,566 B2 
31 

ways. First, the boundary values are communicated (the 
interval endpoints). Second, the sub-intervals around the 
centroid representing the main belief are communicated, 
along with means of manipulating the widths of the Sub 
intervals through specifying varying amounts of mass inclu 
sion (belief cut). 
The set of sensitivity procedures is motivated by the 

difficulties of performing simultaneous sensitivity analysis 
in several dimensions at the same time. It is hard to gain real 
understanding of the Solutions to large decision problems 
using only low-dimensional analyses. Investigating all pos 
sible such combinations leads to a procedure of high com 
binatorial complexity in the number of cases to investigate. 
Using belief cuts, such difficulties are circumvented. The 
belief cut avoids the complexity inherent in combinatorial 
analyses. Consequently, a belief cut can be regarded as a 
focus parameter that Zooms in on the centroid. An alternative 
that has its upper expected value bound below another 
alternative's lower expected value bound is dominated. 

If the decision maker agrees that a problem cut at the cut 
level where dominance starts occurring still reflects his 
decision situation, then that dominated alternative can also 
be excluded from further analysis. This depends on the 
decision situation, whether the decision maker is a human or 
a machine, and whether the aim is to make an ultimate 
decision or (common for humans) to gain a better under 
standing of the decision problem. Also, for group decisions, 
the alternatives should be considered relative to compro 
mises recorded. 
The types of problems that can be analyzed using the 

method and device as described herein are of various kinds 
from several different classes of activities. Some of the main 
features are to: 

Identify the best possible course of action given available 
information 

Minimize and avoid undesirable risk taking 
Easier interpret and analyze decision alternatives and 

risks 
Save time through a more efficient risk and decision 

process and resource allocation 
Handle experts with differing opinions 
Obtain transparency in the risk and decision processes 
Reach consensus in a decision making group 
Adapt to changes and new regulations 
Learn about decision analysis through a pedagogical and 

user friendly way of working 
Application areas are essentially all areas containing 

decision situations, which are possible to model as decision 
trees as featured in this invention and where the cost of 
obtaining information is reasonable compared to the cost of 
making a non-optimal decision. Some non-delimiting 
examples of application areas are: 

Security analysis of process and control systems 
Choice of Supplier of equipment 
Choice of effective forms of medical treatment 
Risk management regarding evaluation of costs 
Choice of Supporting system for various business activi 

ties 
Company mergers and acquisitions 
Choice of insurance strategies and policies 
Analysis of forecasts 
Having described the invention above in a preferred 

embodiment thereof, it is feasible to modify the invention in 
various ways. We include all modifications and similar 
embodiments coming within the spirit or the scope of the 
invention. 
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We claim: 
1. A computer system for decision making in a decision 

situation, the computer system comprising: 
an input unit for receiving data corresponding to weights 

and/or probabilities and values for a decision situation 
that can be represented in a generalized decision tree 
with criteria and probabilistic events in the same tree; 

a modeling unit for modeling the decision situation using 
at least one of a probabilistic decision model or a 
multi-criteria decision making model, where at least 
one of the probabilistic decision model or the multi 
criteria decision making model is modeled in more than 
one level for generation of a decision frame, where the 
decision frame is a format storing information on 
interval event probabilities, interval criteria weights, 
interval utility values, and decision trees; 

a unit for evaluating the decision frame using input data 
fed through the input unit; and 

an output unit for outputting a decision prediction based 
on said decision frame evaluation. 

2. The system of claim 1, wherein the modeling unit is 
designed to apply the same format to model a criteria 
hierarchy and a probabilistic decision tree. 

3. The system of claim 1, wherein the modeling unit is 
designed to model the decision situation with a combination 
of a probabilistic decision model and a multi-criteria deci 
sion making model and where the multi-criteria decision 
making model is modeled in more than one level. 

4. The system of claim 1, further comprising a unit for 
storing belief distributions in the decision frame and calcu 
lating the aggregated belief of a weighted expected value by 
means of a distribution of a sum of products, where the 
product of two belief distributions f(x) and g(x) is 

where T ={(x,y):xy=Z} and 0s Zs 1 and the sum of two 
belief distributions f(x) and g(x) is 

where T ={Z:ZX +y} and 0s Zs 1. 
5. The system of claim 1, wherein the input unit is 

designed to check consistency and determining the orthogo 
nal hull as upper and lower bounds of the variables (x,) in the 
decision frame, wherein the decision frame is found to be 
consistentifupper and lower bounds are found and the upper 
bounds (max(x)) and lower bounds (min(x)) are found 
simultaneously by solving the optimization problem max 
X(x,",) with a new constraint set formed from the deci 
sion frame, and wherein each variable X, is represented by 
the two variables X," and the new constraint set is 
derived from the original in the decision frame by trans 
forming, for an inequality operator g, 

an inequality X, ak into a) X, ak and b) X, a k, 
an inequality X, -X, ak into a)x," +g k and b)X, -X, ak, 

and 

an equality X, (x,)—k into Wiel:a) X,"-X, ) ek and 
b)X, (x,)-X,sk, whereby a solution vector to max 
X,(X, -X,) will contain the upper and lower bounds. 
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6. The system of claim 1, further comprising a sensitivity 
analysis unit for performing a sensitivity analysis of the 
possible outcomes. 

7. The system of claim 6, further comprising a unit for 
storing belief distributions in the decision frame and where 
the measure for the analysis is Lenf(x) g(a,b) for a func 
tion g with the domain Intf(x), where 

i 

into f(x) = {a, b) f(x)dy a a} 

and where C.60.1 and f(x) is a belief distribution. 
8. The system of claim 1, further comprising a critical 

value check unit by instantiating a subset of the total of 
variables and varying the remaining variables. 

9. The system of claim 1, further comprising a calculation 
unit for obtaining the upper and lower bounds of a weighted 
expected value of an alternative being the value of end nodes 
in the combined multi-criteria and probability tree multi 
plied with criteria weights and probabilities, a difference in 
weighted expected values between two alternatives, and a 
difference in weighted expected values between an alterna 
tive and an average of other alternatives in the decision 
frame, the calculation unit operative to find the maximum 
expected value function of each alternative under each 
criterion in the decision frame and to calculate the desired 
weighted expected value function by a maximization of the 
weighted expected value functions of each alternative under 
each criterion, 

wherein the maximum expected value function of an 
alternative under a criterion is a function of the maxi 
mum expected value for the alternative under the 
respective criterion, 

wherein the maximum expected value of an alternative 
under a criterion in the decision frame is calculated by 
substituting the value variables with the upper value 
hull of the value variables and solving the resulting 
maximization problem for the root node of the tree, and 

wherein the maximum expected value of a node in the tree 
is calculated using the upper value hull of the value 
variable if the node is a final node in the tree or the 
maximum expected value of all immediate children for 
the sub-tree below if the node is an intermediate node 
in the tree. 

10. The system of claim 9, further comprising an analysis 
unit for performing extreme value analyses using security 
levels by substituting the value variables with security 
variables taking the numbers 0 or 1 indicating whether a 
value variable is below a threshold or not. 

11. An automated method of making decision predictions 
in a decision situation, the method comprising: 

receiving data corresponding to weights and/or probabili 
ties and values for a decision situation that can be 
represented as a generalized decision tree with criteria 
and probabilistic events in the same tree; 

modeling the decision situation using at least one of a 
probabilistic decision model or a multi-criteria decision 
making model, where at least one of the probabilistic 
decision model or the multi-criteria decision making 
model is modeled in more than one level for generation 
of a decision frame, where a decision frame is a format 
storing information on interval event probabilities, 
interval criteria weights, interval utility values, and 
decision trees; 
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evaluating the decision frame using input data fed through 

the input unit; 
generating a decision prediction based on said decision 

frame evluation; and 
outputting the decision prediction. 
12. The method of claim 11, wherein the same format is 

used for modeling a criteria hierarchy and a probabilistic 
decision tree. 

13. The method of claim 11, wherein the decision situa 
tion is modeled with a combination of a probabilistic deci 
sion model and a multi-criteria decision making model and 
where the multi-criteria decision making model is modeled 
in more than one level. 

14. The method of claim 11, further comprising the step 
of storing belief distributions in the decision frame and 
calculating the aggregated belief of a weighted expected 
value by means of a distribution of a sum of products, where 
the product of two belief distributions f(x) and g(x) is 

where T ={(x,y):xy=Z} and 0s Zs 1 and the sum of two 
belief distinbutions f(x) and g(x) is 

where T ={Z.ZX +y} and 0sz is 1. 
15. The method of claim 11, further comprising the step 

of checking consistency and determining the orthogonal hull 
as upper and lower bounds of the variables (x,) in the 
decision frame, wherein the decision frame is found to be 
consistent if upper and lower bounds are found, wherein 
upper bounds (max(x)) and lower bounds (min(x)) are 
found simultaneously by Solving the optimization problem 
max X,(X, -X, ) with a new constraint set formed from the 
decision frame, and wherein each variable X, is represented 
by the two variables X, and x., and the new constraint set 
is derived from the original in the decision frame by trans 
forming, for an inequality operator n, 

an inequality X, ak into a)X, ak and b) X, ak, 
an inequality X, -X, ak into a)X, -X, nik, and 
an equality X(x,)—k into Wiel: a)x, (x,)2k and 

b)X, (x,)2k and b) X, (x,)-X, sk. 
whereby a solution vector to max X,(X,x,) will contain 

the upper and lower bounds. 
16. The method of claim 11, further comprising the step 

of performing a sensitivity analysis of the possible out 
COCS. 

17. The method of claim 16, further comprising the step 
of storing belief distributions in the decision frame and 
where the measure for the analysis is Len f(x) g(a,b) for a 
function g with the domain Intf(x), where 

and where C. 6 (0.1 and f(x) is a belief distribution. 
18. The method of claim 11, further comprising the step 

of checking a critical value by instantiating a Subset of the 
total of variables and varying the remaining variables. 
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19. The method of claim 11, further comprising the steps 
of: 

obtaining the upper and lower bounds of a weighted 
expected value of an alternative being the value of end 
nodes in the combined multi-criteria and probability 
tree multiplied with criteria weights and probabilities, 
a difference in weighted expected values between two 
alternatives, and a difference in weighted expected 
values between an alternative and the average of other 
alternatives in the decision frame, 

finding the maximum expected value function of each 
alternative under each criterion in the decision frame, 

calculating the desired weighted expected value function 
by a maximization of the weighted expected value 
functions of each alternative under each criterion, 

wherein the maximum expected value function of an 
alternative under a criterion is the function of the 
maximum expected value for the alternative under the 
criterion, 

wherein the maximum expected value of an alternative 
under a criterion in the decision frame is found by 
substituting the value variables with the upper value 
hull of the value variables and solving the resulting 
maximization problem for the root node of the tree, and 

wherein the maximum expected value of a node in the tree 
is found by obtaining the upper value hull of the value 
variable if the node is a final node in the tree or the 
maximum expected value of all immediate children for 
the sub-tree below if the node is an intermediate node 
in the tree. 

20. The method of claim 19, further comprising the step 
of performing extreme value analyses using security levels 
by substituting the value variables with security variables 
taking the numbers 0 or 1 indicating whether a value 
variable is below a threshold or not. 

21. A computer software program product embodied in a 
computer readable medium including computer instructions 
for making decision predictions in a decision situation that 
when executed on a computer provides for the following 
steps to be executed: 

receiving data corresponding to weights and/or probabili 
ties and values for a decision situation that can be 
represented as a generalized decision tree with criteria 
and probabilistic events in the same tree; 

modeling the decision situation using at least one of a 
probabilistic decision model or a multi-criteria decision 
making model, where at least one of the probabilistic 
decision model or the multi-criteria decision making 
model is modeled in more than one level for generation 
of a decision frame, wherein a decision frame is a 
format storing information on interval event probabili 
ties, interval criteria weights, interval utility values, and 
decision trees; 

evaluating the decision frame using input data fed through 
the input unit; 

generating a decision prediction based on said decision 
frame evalution; and 

outputting the decision prediction. 
22. The program product of claim 21, wherein the same 

format is used for modeling a criteria hierarchy and a 
probabilistic decision tree. 

23. The program product of claim 21, wherein the deci 
sion situation is modeled with a combination of a probabi 
listic decision model and a multi-criteria decision making 
model and where the multi-criteria decision making model 
is modeled in more than one level. 
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24. The program product of claim 21, further providing 

for executing the step of storing belief distributions in the 
decision frame and calculating the aggregated belief of a 
weighted expected value by means of a distribution of a Sum 
of products, where the product of two belief distributions 
f(x) and g(x) is 

where T ={(x,y):xy=Z} and 0Z 1 and the sum of two 
belief distributions f(x) and g(x) is 

25. The program product of claim 21, further providing 
for executing the step of checking consistency and deter 
mining the orthogonal hull as the upper and lower bounds of 
the variables (x,) in the decision frame, wherein the decision 
frame is found to be consistentifupper and lower bounds are 
found and where upper bounds (max(x)) and lower bounds 
(min(x)) are found simultaneously by solving the optimi 
zation problem max X,(X, -X,) new constraint set formed 
from the decision frame, and wherein each variable X, is 
represented by the two variables X, and x, and the new 
constraint set is derived from the original in the decision 
frame by transforming, for an inequality operator a, 

an inequality X, rak into a)X, ak and b)x," a.k. 
an inequality X-X, ak into a)X, -X," ak and b) X, -X, ak, 

and 

an equality X, (x,)—k into Wiel:a)x,"-X, (x,)ek and b) 
X,(x,) -X, Sk, 

whereby a solution vector to max X,(x,"-X, ) contains the 
upper and lower bounds. 

26. The program product of claim 21, further providing 
for executing the step of performing a sensitivity analysis of 
the possible outcomes. 

27. The program product of claim 26, further providing 
for executing the step of storing belief distributions in the 
decision frame and where the measure for the analysis is 
Leno f(x) g(a,b) for a function g with the domain Intf(x). 
where 

i 

into f(x) = ka. b). f(x)dy a a} 

and where C. 6 (0.1 and f(x) is a belief distribution. 
28. The program product of claim 21, further providing 

for executing the step of checking a critical value by 
instantiating a Subset of the total of variables and varying the 
remaining variables. 

29. The program product of claim 28, further comprising 
the step of storing belief distributions in the decision frame 
and where the measure for the analysis is Len f(x) g(a,b) 
for a function g with the domain Intf(x), where 
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and where C. 6 (0.1 and f(x) is a belief distribution. 
30. The program product of claim 21, further providing 

for the steps of: 
obtaining the upper and lower bounds of a weighted 

expected value of an alternative being the value of end 
nodes in the combined multi-criteria and probability 
tree multiplied with criteria weights and probabilities, 
a difference in weighted expected values between two 
alternatives, and a difference in weighted expected 
values between an alternative and the average of other 
alternatives in the decision frame, 

finding the maximum expected value function of each 
alternative under each criterion in the decision frame, 

calculating the desired weighted expected value function 
by a maximization of the weighted expected value 
functions of each alternative under each criterion, 
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wherein the maximum expected value function of an 

alternative under a criterion is the function of the 
maximum expected value for the alternative under the 
criterion, 

wherein the maximum expected value of an alternative 
under a criterion in the decision frame is found by 
substituting the value variables with the upper value 
hull of the value variables and solving the resulting 
maximization problem for the root node of the tree, and 

wherein the maximum expected value of a node in the tree 
is found by obtaining the upper value hull of the value 
variable if the node is a final node in the tree or the 
maximum expected value of all immediate children for 
the sub-tree below if the node is an intermediate node 
in the tree. 

31. The program product of claim 21, further providing 
for executing the step of performing extreme value analyses 
using security levels by substituting the value variables with 
security variables taking the numbers 0 or 1 indicating 
whether a value variable is below a threshold or not. 


